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Formulas  are  obtained which charac te r i ze  the tempera ture  distribution in a doubly connected 
plate.  The small  pa ramete r  :method is used in the derivation.  

1,  

in p lanform.  The pa ramet r i c  fo rmof  the equation of the contour L i is [1]: 

x = r~ (cos 0 + e~ cos n~O), 

y = r~ ( s in  0 - -  e i sin n~O) (i= 1, 2 ) .  

Here i = 1 corresponds  to the outer eontour,  and i = 2 to the inner, leil < 1. 

A constant tempera ture  M 1 is :maintained on the outer side surface,  and M 2 on the inner surfaee.  
bases of the plate are  heat insulated. Let us assume that the thermal  charac te r i s t i c s  of the mater ia l  a re  
independent of the tempera ture .  

Let us establish the tempera ture  distribution law in the plate. 

The heat conductivity differential equation and the boundary conditions for  the tempera ture  function 
T a r e  [2] 

v~T =0, 

where 

Let us consider  an isotropie plate which is a doubly connected domain bounded by smooth curves  

(1) 

The 

(2) 

T==-M~ on L i ( i=  1, 2); (3) 

V 2 = _ ~ _ ~  _~ 1 0 1 0 z 
Or 2 r Or q- r ~ 003 

To solve the problem it is expedient to represent  the condition (3) in a Cartesian x, y coordinate sys tem:  

The following notation is used here :  

T(xi+elhl, Yi+etki)=M, on L i. (4) 

x~=r~cosO, y~=risinO, h~=rlcosniO, k~=--r~sinn~O. (5) 

TABLE 1. Tempera ture  Values T/M at Points of a Tr iangular  
Plate (n 1 = 2, e = 1/5) 

t 0=0 o 0=60 o 
O O 
~ , ~  1,Srz orlLt 1,2r2 onL= 

0 
1 
2 
3 

0,368 
0,348 
0,371 
0,369 

2,1r2 3rz 

0,675 1 
0,613 0,774 
0,689 0,902 
0,682 0,880 

1 ,166 
0,850 
1,033 
1,012 

0,163 
0,171 
0,189 
0,190 

1,5r= 2,1r= 

0,368 0,675 
0,388 0,737 
0,411 0,813 
0,413 0,820 

0,796 
0,889 
0,981 
0,992 
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Fig .  1. View of the  p la tes  whose  ou te r  
con tour  is d e t e r m i n e d  by (1) with the 

p a r a m e t e r s  r i = r i,  e i = 1/5,  n i = 2(A) 
a n d r i = r  l, ei  = 1 /9 ,  n i = 3 ( B ) .  

Let  us note that  x i and Yi a r e  c oo rd i na t e s  of a point on a c i r c l e  of rad ius  r i ;  e ih i and elk i a r e  magn i -  
tudes  of i n c r e m e n t s  in the coo rd ina t e s  x i and Yi which  se t  up t h e  c o r r e s p o n d e n c e  between points  of the 
c i r c l e  of rad ius  r i and points  of the contour  L i. 

Let  us s eek  the solut ion of the hea t  conduct ion p r o b l e m  by the method of the sma l l  p a r a m e t e r .  The 
quant i ty  e = et is taken as the p a r a m e t e r .  Let  us r e p r e s e n t  the d e s i r e d  funct ion T as a power  s e r i e s  in e:  

N I  

T = ~  8kTh. (6) 
k=0 

Each  of the funct ions  T k ( k  = 0, 1, 2 . . .  ) sa t i s f i e s  an equat ion of the f o r m  (2), i . e . ,  

v~Tk =0.  (7) 

Let  us de r ive  the boundary  condi t ions  f o r  the funct ions  T k. To do this  we expand the t e m p e r a t u r e  funct ion 
in T a y l o r  s e r i e s  at points  of the ou te r  and inner  c o n t o u r s .  Condi t ions  (4) b e c o m e  

oo 

1 e~A~T(x i, y~) = M~, (8) Y(x~, @+ ~. 
t l = l  

where 

A. = hl -~x + kl ; e l=e;  %=me. 

H e r e  the symbol i c  f o r m  of wr i t i ng  the T a y l o r  s e r i e s  is used [3]. Subst i tut ing f o r m u l a s  of the f o r m  (6) into 
condi t ions  (8) and equat ing coef f ic ien ts  of ident ical  powers  of ~ in the left  and r igh t  s ides ,  we obtain the 
fol lowing s y s t e m  of r e c u r s i o n  r e l a t ions  

T O (x~, y~) = M~, 

k (9)  

~ . .  6~ A.Th (xi, y~) ( i= I ,  2). Zh(xl, Y ~ ) = -  ~ -- 7L 

n=l 

The p rob l e m  fo r  a pla te  with n o n c i r e u l a r  ou te r  and inner  con tou r s  hence  r educes  to  the s u c c e s s i v e  
in tegra t ion  of (7) f o r  the funct ions  T k. These  funct ions  s a t i s fy  condi t ions  (9) given on two c i r c u l a r  con tours  
of r ad ius  r = r  t a n d r  = r  2. 

L imi t ing  o u r s e l v e s  to the th i rd  approx ima t ion  we obtain the law of the t e m p e r a t u r e  d i s t r ibu t ion  in the 
plate  in the f o r m  

T = To-k eTI +e2T~ +e~Ts, 

T0=% (r), Tl=f(r~O cos %Oq-f (r~0 cos v20, 

T~ = tp2 (r) + [ (r 2~') cos 2v10 + f (P~,) cos 2 ~ 0  

+ f (r~) cos ~O + f (r~) cos • 

T 8 = F  (r v,) cos VlO -~-[ (r3V 0 cos 3vlO -~-qb (rv=) cos v~O -~-[ (r 3v,) cos 3veO 

+ f  (r~,) cos 13~e + f  (r~,) Cos t3~e + f  (r~,) cos co~O + f  (r~,) cos %0, 

(10) 
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TABLE 2. Temperature  Values T/M at Points of a Square 
Plate (n 1 = 3, e = 1/9) 

t 0=0 o 0=450 

0 0 
'~ 1,4rz 2r.. onlLt 1,2r2 1,4rt 

< 

0,485 
0,449 
0,484 
0,483 

I 
0,839 
0,919 
0;918 

1,152 
0,908 
1,012 
1,000 

0,264 
0,280 
0,299 
0,300 

0,485 
0,521 
0,556 
0,555 

On Lt 

0,831 
0,938 
1,001 
1,000 

wbere 

~k=A~lnr+Bh (k=O, 2); [(rO=C~r~+Dr-~; 
F (rv,)=CrV,+Dr-v,; tD(rV,)-=ErV,+Nr-v,, 

~t=nl--}-l; v~----ne+l; ~,=nl--ne; x=nl-Fn~+2; ( i i )  

Ilx=2nl+n~+3; ~=2%+n1+3;  

r I; %=2he--n.4-1. 

The integration constants Ak, Bk, Cs, D s, C, D, E, N are determined in conformity with (9) f rom the follow- 
ing conditions on the circular  contours ofradius r = r 1 and r = r2: 

T~=Mi, 

Tt=.Si Q alTo cos(n,+l)O, 
dr 

16'r' [ d (To+r, dro~ 
Te = - -8 ,  t---4-- L-~r -~-r ] 

dTo ~ 1)0] d (T O - -  r~ cos 2 (hi + 
a~ -T-r] 

+r, OTIor c~ 1)0--  OTIo0 sin(n,+ 1)O} , 

Ts =--ai a ~ d -- To + Q r~ cos (n ,+ l )O  
- -  ~ ~ �9 drZ } 

+ W TO - -  r~ ~ + T --d~'} cos 3 (n, + 1) 0 

[ ( OTt OeTl~ +_~6t r 2., OZTIor e cos~(ni+l)O + Q --•-r - F_ _ ~ ]  sine (n, + l ) O 

0( or, l 
+s in2(n~+l )O-~-  Tt--r, "-~-r ] J 

aTe aTe sin(n, + 1)0} (i=1, 2), (12) + rl Or cos(n~+l)O-- ao 

where 

D ~ = f l  for i : l ,  
for i = 2 .  

2. If the inner contour is c i rcular ,  i . e . ,  62 = m = 0, then (10)-(12) simplify.  The temperature  
distribution law in the plate becomes 

T = % ( r ) + #  (r~,) cos r iO+ ~e [% (r) + f (r2~,) cos 2vlO] 

+ ~3 [F (r~,) cos ~10 + f (r3~,) cos 3 ~ # ] .  
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The c o e f f i c i e n t s  in t he  func t ions  ~0 0' ~0 2, f,  F a r e  e x p r e s s e d  as  f o l l o w s :  

w h e r e  

Ckv  a = 

C =  

A o =  M 1 - - M ~  , B o =  M ~ I n q - - M 1 1 n r  2 , 

In q - -  In r 2 In q - -  In r~ 

Hr'~,+ 1 Hr'},+ l In 6 

A s =  l n r l - - l n r ~  ' B ~ =  l n q - - l n r ~  ' 

p(,~ d(~,+,l pc,~ rFn,+, d,(.,+. 
r ~ ( " , + " - -  r g a - , + ' )  ' Dkv ,  = - -  rl2k(n,_Fl ) __ rp (n ,+ ! )  , 

Qrf '+l  D = - -  Qr~,+' r~ ( " ,+  I) 
r~(n,+l)  - -  rg ( . ,+ l )  ' r~(n,+,)  __  r2(n,+l)  

( k = l ,  2, 3), 

1 H = --(nl-~- 1) Clv, ; p(1) = _ Ao; p(2) =(n l  ,4- I) rf(n,+')D,.; ,  + --~ A0; 

__ 1 
p(3) = 2(n1_1 - I) r-zan,+l)D2v ~ 2 (nl_t_ 1)(n1@2) r~_(~+,)Dl~ ' _ 1 A "  

3 o, 

[ ' 1 Q = - -  A ~ + 2 ( n l +  1) r~(",+')C2,,, + - {  n~(n~+ 1) rf,+'C,,, . 

Let  us p r e s e n t  the  r e s u l t s  of c o m p u t i n g  the  t e m p e r a t u r e  in a t r i a n g u l a r  (n 1 = 2, e = 1/5)  and a s q u a r e  
(n i = 3, e = 1/9)  p l a t e  w i t h r o u n d e d - o f f  c o r n e r s .  P l a t e s  wi th  the  men t ioned  p a r a m e t e r s  a r e  shown in F i g .  1. 
Le t  us c o n s i d e r  the  t e m p e r a t u r e  to be  T = M on the  o u t e r  c on tou r  and T = 0 o n t h e  i n n e r  c o n t o u r .  V a l u e s  of the  
t e m p e r a t u r e  at  i nd iv idua l  po in t s  of the  p l a t e s  under  c o n s i d e r a t i o n  a r e  p r e s e n t e d  in T a b l e s  1 and 2 to t he  

a c c u r a c y  of M. The  r a t i o  r 2 / r l f o r t h e t r i a n g u l a r p l a t e  is  t a k e n  as  1 /3  and f o r  the  s q u a r e  as  1 /2 .  

The a c c u r a c y  of the  s o l u t i o n  ob t a ined  can  be e s t i m a t e d  by  m e a n s  of the  e r r o r  a d m i t t e d  in s a t i s f y i n g  
the  b o u n d a r y  c o n d i t i o n s .  C o m p u t a t i o n s  showed tha t  the  g r e a t e s t  e r r o r  is  1.2% for  a t r i a n g u l a r  p Ia te  wi th  
a c i r c u l a r  ho le ,  and  is l e s s  than  1% fo r  the  s q u a r e  p l a t e .  The t e m p e r a t u r e  va lue  at  the  o u t e r  c on tou r  is  
t a k e n  as  100%. 

Li 
i 
x , y  

r i ,  ni 
| 

M i , M2 
T 

h i, k i 

x i '  Yi 
To, T l ,  T2, T 3 
r 

r ~o2, f, F ,  

PI, P2, ~k, %,~I, ~2' col, ~2 
A k, B k,C s, D s, C,D,E,N 

N O T A T I O N  

p l a t e  c o n t o u r ;  
con tou r  n u m b e r ;  
c o o r d i n a t e s  ; 
p a r a m e t e r s  c h a r a c t e r i z i n g  the  c o n t o u r  s i z e  and s h a p e ;  
p a r a m e t e r  d e t e r m i n i n g  the  p o s i t i o n  of the  point  on a c u r v i l i n e a r  con tou r ,  o r  

the  p o l a r  ang le  on the  c i r c u l a r  c o n t o u r ;  
p a r a m e t e r  c h a r a c t e r i z i n g  the  d e g r e e  of d e v i a t i o n  of the  c on tou r  L i f r o m  a 

c i r c l e ;  
t e m p e r a t u r e  v a l u e s  on the  o u t e r  and inne r  c o n t o u r s ,  r e s p e c t i v e l y ;  
t e m p e r a t u r e  func t ion ;  
func t ions  of the  p a r a m e t e r  |  

c o o r d i n a t e s  of a po in t  on a c i r c l e  of r a d i u s  r i ;  
func t ions  g o v e r n i n g  the  t e m p e r a t u r e  d i s t r i b u t i o n ;  
r a d i u s - v e c t o r  of a po in t ;  
func t ions  of the  r a d i u s  ~-; 
p a r a m e t e r s  ; 
i n t e g r a t i o n  c o n s t a n t s .  

1 
2.  
3. 
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